: MWD in chemical control reaction system Mokcumrwe~htd~tributionconuolm 
It is important to control a polymer's molecular weight distribution (MWD) in industrial polymerisation processes because a polymer's end-use properties are strongly dependent on its MWD. Though it is still not an easy control task, extensive studies have been made on how to get a polymer's MWD when the polymerisation kinetic model is available5.6.25. Mostly the MWD is calculated by numerical integration of the polymer material balances or by using the moment generating function. In certain cases, some stochastic models have been proposed for MWD description. For example, for linear chains, Flory's distribution can be used to describe the instantaneous MWD of polyolefin made with single-site-type catalystslI.
Industry-scale closed-loop control of MWD is still a challenging subject because the feasibility of on-line measurement of MWD for polymerisation processes remains to be demonstrated. Most research is based on simulated reactors. In order to get a target MWD, especially for batch processes, normally optimal or sub-optimal control trajectories are determined by optimisation design either off-line 6 ,27 or on-line lB . 26 . and then efforts are made to implement these trajectories using control strategies. State observers are often needed to get on-line trajectories lB , while for off-line control trajectories, batch-to-batch modifications to the optimal trajectories may be added so that the target MWD can be achieved after several batches 4 • Figure 1 shows a general MWD system.
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General research into the control of stochastic systems has been focused on the control of the system output, rather than the probability density function (PDF) of the system output. A number of well-known algorithms have thus been developed such as minimum variance control, linear quadratic Gaussian control, self-tuning control and stochastic control for systems with Markovian jump parameters, etc. In most of the existing approaches, it has been assumed that the random variables in the system are subjected to Gaussian processes. This is based on the fact that most input noises can be characterised as coloured noises, which are generated by a white noise sequence. Although many successful awlications of these developed methods have been reponed, difficulties remain in many cases where this assumption is not valid. As such, a new group of techniques has been developed for the model1ing and control of the probability density functions of the output variables of stochastic systems 3l .
The idea of stochastic distribution control is to design the control input so that the PDF of the system output can follow a target PDF. This control purpose is highly demanded in many industrial systems, such as chemical engineering, powder industry, papermaking, and combustion flame distribution processes, etc. Several typical industrial examples are discussed here.
Industrial Background
A group of new control strategies called stochastic distribution control has been developed since 1998, which aims at controlling the shape of the output probability density function (PDF) for general non-Gaussian stochastic systems. It differs from any other previous stochastic control approaches where, in most cases, only the mean and variance of the outputiare concerned. The research achievement in this area has been addressed in this paper, which includes the industrial background, different modelling methods for bounded stochastic distribution systems and several adaptive controller design techniques to realise the purpose of PDF shape control. Advanced topics on fault detection and diagnosis and recently developed minimum entropy control have also been described.
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Formation control in paper industry
At the wet end of a paper machine, there are normally several sections in which the initial paper web is formed. These sections are referred to as the headbox approach systems, the headbox and the moving wire table. In the approach system and the headbox, fibres, fillers and other chemical additives are mixed. This mixture generally consists of 5% solids and 95% water. When this mixture is injected onto the moving wire table, some water is drained through the wire into a white water pit underneath the wire table, leaving a fibre-dominant network on the wire table, which is regarded as the paper web. Due 10 the random nature of fibre length and filler particles, the density distribution of the web is random. When an image analysisbased sensor is used, such a density distribution can be measured and represented as a two-dimensional grey level distribution u , which is generally controlled by the thick stock input and chemical input before the headbox. To achieve a good web formation, the control inputs should be
Grey-level distribution control of combustion flame systems
Recent monitoring and control of combustion systems are mainly based on image analysis of flame characteristics or temperature map2],23, which help to understand what really happens in a combustion chamber. The flame geometry and intensity or the temperature map can be considered as stochastic processes, whose distributions are obtainable by modem infrared sensors and signal processing techniques 22 . It is therefore technically possible that the stochastic distribution control strategies can be used for combustion control. Figure 3 explains how such a control system may be constructed by taking the shape of the greylevel distribution of the flame image as the control target.
• In other processes: .~. Particle size distribution control also has wide applications in other chemical processing processes, such as crystallization, precipitation and aerosol processes. Aerosol processes are commonly used for the large-scale production of nano-and micro-sized particles from direct gas phase chemical reaction. A comprehensive study is given on simulation, estimation and control of particle size distribution in an aerosol process with simultaneous chemical reaction, nucleation, condensation and coagulation]7. The control of PSD in a semi-batch precipitation is studied by different strategies using off-line PSD measurements, online PSD measurements, or both/ 9 . A review of crystal size distribution control investigates recent developments in crystallization processes, including activities in sensor technologies, model identification, experimental design, process simulation, robustness and optimal controJ2. Particle size distribution control • In polymerisation processes: There is increasing interest in full particle size distribution (PSD) control in polymerisation processes and recently some work on modelling, control and optimisation has been devoted to this area7,8,J0, 14. The performance functions used in these works are very close to those of stochastic distribution control, which provides encouraging evidence that the purpose of stochastic distribution control does match the demands from real industrial applications. Due to the time-consuming process of PSD measurement, normally more than hours, it is nowadays almost an impossible task to directly control the PSD using on-line PSD measurement. A practically feasible way is to employ the population balance model combined with data model, such as a partial least-squares model or a neural network model, to estimate output PSD. Off-line PSD measurement can then be used for model modification or validation. So far most of the research in this area only provides open-loop solutions to achieve a target PSD.
Particle Size wheat
• In powder industries: Particle size distribution plays an important role during particle formation and processing as it directly affects the final products. Taking the size reduction operation in food processing applications as an example, in wheat flour milling, the feed material is passed between two counterrotating rolls with corrugated or smooth finish as shown in Figure 2 . The rolls are separated by a small, fixed gap and rotate at different speeds. The purpose of the operation is to achieve effective removal of bran and germ from endospenn, and appropriate size reduction of the endosperm to produce flour. One of the main output characteristics of this system is the output particle size distribution. The pattern of breakage for individual particles is called the breakage function, which is shown to depend on the feed particle size, roll gap and wheat variety and can be determined experimentally3. From the control point of view, roll gap is considered to be the most important operation to control the shape of the output PSD.
Wheat particle
The development of PSD control in powder industries is mainly due to the availability of on-line sensors and robust sampling systems 9 . For the on-line PSD measurement, optical instruments based on the laser light scattered by the particles have now become a popular and standard technique. Laser diffraction instruments are proved to have high speed, good reliability and high reproducibility20. Current PSD modelling and control in powder industries are mainly at the level of pilot plant experiments 9 . 12 .
Random inputs
Modelling and control requirements
The above several systems, as well as many other stochastic PDF shaping control systems, can be generally represented in Figure 5 , where u is the control input to the system and is the output PDF of the system. The system is also subjected to random inputs that come from some physical effects, such as raw material properties. To develop an effective control of the output PDF shape, it is important to investigate the modelling and control issues of such systems. In tenns of modelling, it is imperative that the model obtained should be easily accommodated in an on-line control framework. In this context, general partial differential equation models are inappropriate. Once the model is set up, controller design can be performed that produces an optimal control u so that the output PDF is made to follow its target PDF as closely as possible. In the following sections, modelling and control issues will be reviewed. 
Dynamic models
Since most systems exhibit dynamic behaviour, there should be a dynamic relationship between the weights and the control input. Once the basis functions of a B-spline model are selected, the dynamics of the stochastic system is represented by a set of differential equations which links the weights to the control input either linearly or nonlinearly. The static model and the dynamic model form the B-spline decoupling model of the considered stochastic system 3J . In terms of controllability, these approximations are all full space controllable if the dynamics between the weights and the input are completely controllable. each cell. Since it has been shown that the B-spline neural networks can be used to approximate any continuous functions defmed on a compact set, they are used to represent the coupled links between control input variables and the output PDF of the stochastic systems 3l . Three types of B-spline models have been developed to approximate the output PDF in a static case. Here static means the relationship between the weights and the control input is regarded as static.
• Linear B-spline model uses directly a linear B-spline expansion to approximate the output PDFJ3. 28.29.36.39. • Square-root B-spline model uses a linear B-spline expansion to approximate the square root of the output PDF l.l6. 34.35.40. • Rational B-spline model approximates the output PDF with a rational function with respect to the weights vector 33.38.46. Denoting u as the crisp control input to the system and y (x, u) as the output PDF defined on a known interval, Figure 6 shows the principle of linear B-spline approximation, where B;(x) is the basis function and w j is the expansion weight. selected to make the network density distribution as close as possible to a uniform distribution.
In an early study of formation control using the idea of stochastic distribution control, the distribution of optical basis weight was taken as the system output to be controlled. The input variables used were the addition of two floculating agents l5 . The aim of control was to keep the same mean mass density of the paper sheet and make it more homogeneous. Recent studies have led to the implementation of an on-line closed-loop formation control system for the pilot machine at UMIST, in which the greylevel distribution of sheet image is used to represent the mass density distribution 48 . 49 . A digital camera captures images of the moving sheet and the grey-level distribution is abstracted from the image by certain image analysis techniques ( Figure 4) . Different stochastic measures such as variance, entropy and PDF shape have been evaluated and compared by on-line closed-loop operations. 
Characteristics of B-spline models
Linear B-spline expansion provides a simple solution to the PDF modelling and control algorithm design. However, its numerical robustness is not strong, i.e. when the number of the basis functions is Dot high, the calculated output PDF may become negative when it is near O. Therefore, it should be used with caution when some of the weights are negative. As for the square-root B-spline model, the output PDF is guaranteed to be positive during the closed-loop control. However, the relationship between the measured output PDF and the weights is nonlinear, leading to some difficulties in controller design.
Due to the fact that the integration of PDF over its integration domain should be I, there are only n-l independ-+ Feablre ent weights for either linear or square-root B-spline models. The nth weight has to be constrained by the other n-l weights. Two ways to deal with this constraint are provided for the square-root B-spline model. One is to treat the nth weight of the B-spline approximations as an extra nonlinear term in the output PDF34, while the other is to treat it as an extra dynamic for the system J • For the rational B-spline model, the constraint on the condition that the integration of a PDF over its definition range should be I is naturally satisfied. Therefore, all the n weights are independent. The main problem of this model is that the uniqueness of weights is not guaranteed.
B-spline approximation has been proved to be quite useful to the modelling and control of the output PDF. In fact, most of the previous work of stochastic distribution control is based on different B-spline models. However, it still leaves several open problems. Firstly, it is difficult to link such a model structure to a physical system and the effective use of a B-spline model requires a trial-and-error based selection of the basis functions. Secondly, it is assumed that the output PDF is measurable. Although such a requirement can be met in some practical systems, it would be better if this assumption can be removed. Thirdly, the key assumption that the control input only affects the weights of the output PDF is too strict for some applications. Fourthly, only one output of the stochastic system is considered because multivariable output would require a large number of basis functions, which is inconvenient to deal with. Therefore, it is important to develop other kinds of models that may provide improved solutions.
Input-output ARMAX models
Pseudo ARMAX system with fixed parameters • Linear ARMAX system 32 ,37 The model relates the input sequence, the output sequence and the noise term through a linear ARMAX model, in which the noise term is a bounded stochastic distribution with a known PDF. The output PDF of the system is controlled by the input and is related to the noise pattern. Compared with other existing stochastic control systems documented thus far, here the dynamic part of the system is still described by an ARMAX model. However, this is not a normal ARMAX model because the noise here is an arbitrary bounded random signal, rather than the widely used Gaussian noise. As a result, the model is called a pseudo ARMAX model. It is a more general expression for dynamic stochastic systems because there is no specific assumption on the input noise. Moreover, such models are easy to establish via physical or data based modelling.
The purpose of controller design is to select a sequence of inputs so that the output PDF tracks a given distribution function. For the linear pseudo ARMAX model, the controller can only control the major shift rather than the arbitrary shape of the output PDF. This is a vital difference in comparison to the B-spline models, where the systems are always controllable. However, the advantage of using a pseudo ARMAX model is that some physical dynamics of real systems can be expressed in a natural way. A nonlinear pseudo ARMAX model will provide an even better solution.
• Nonlinear ARMAX system 43 ,50 The input-output relationship of the system is represented by a nonlinear ARMAX model. Again, the noise is a 212 Measuremem+Control Vel3Bn September 2003 bounded stochastic distribution with a known PDF. The effects of noise and control input on the conditional output PDF can be analysed using the functional relationship between random variables. For this type of problem, only the PDF of the system noise is required, from which the output PDF can be obtained from the probability theory. This theory says that if the PDF of the random variable is known, then the PDF of the known function of that variable can be readily obtained. This constitutes a major advantage of the ARMAX model over other stochastic distribution control methods.
Linear ARMAX system· with random parameters
The system is still represented by a linear ARMAX model but, in this case, the coefficients of the model are bounded, independent and identically distributed random parameters characterised by their PDFs4J. 42.45 . The Laplace transform is applied to all the PDFs so as to formulate a simple relationship between the output PDF of the system and those of random parameters and the noise term. The shape control ofthe output PDF is thus transferred into the shape control of its Laplace transform. A performance function, similar to the Kullback-Leibler discrimination information function, is adopted so that the multiplication operations in the performance index can be transferred into simple algebraic operations 4J .
When the model parameters are characterised by unknown PDFs, on-line identification of the unknown PDFs is necessary in order to formulate the model. In a recent work 45 , the moment generating function technique is used to transfer the multiple convolution integration ofthe conditional PDFs into an algebraic multiplication. A linear B-spline model is then used to represent the logarithms ofthe PDFs and the B-spline expansion weights are estimated on-line via a least-squares algorithm. The PDFs ofthe random parameters and the noise term are therefore estimated, based on the measured output PDFs and control input.
Neural network PDF modelling
As discussed earlier, it is inconvenient to use B-spline models in dealing with multi-output systems. To overcome this limitation, neural network models are proposed to approximate the instant output PDFs. In an early work on neural network modelling, a rational B-spline model was used to approximate the output PDF of a single output system, then two feedforward neural networks were used to learn the unknown nonlinear dynamics between the weights and the control input 38 . In this case, neural networks were used to model the system dynamics, not the output PDF directly. Recently, a two-layer multi-layer perception (MLP) neural network has been employed to approximate the square root of the combined output PDF for multivariable dynamic stochastic systems 44 . Since the structure of the neural network is fiXed as a two-layer MLP, control of the shape of the output PDF can be realised through control of the MLP weights. In this sense, B-spline modelling can be regarded as a special case of general neural network modelling.
PDF Shape Controller Design Performance Index
The main purpose of controller design for stochastic distribution systems is to choose a crisp control input so that the shape of the output probability density function is made as close as possible to a pre-specified target probability den-sity function. This leads to several different fonus of the perfonnance index. • Direct type 13 ,29 The perfonnance index is directly fonnulated in the way that the output PDF should converge to the target PDF asymptotically. • Quadratic type28. 30.32,33,43,46 This is the most generally used criterion, in which the distance between the measured PDF and the target PDF is evaluated by a 2-nonn. The perfonnance index consists of two parts: the integration of the square of the difference between the measured PDF and the target PDF; and the weighted square of the control input. In some cases the first part is not directly fonnulated from the PDFs but is weighted by a factor so that the PDF integration over its definition domain is 1.
• Square-root quadratic typeJ./6.34. 35,37.44 The perfonnance is still ofa 2-norm type, where the distance between the measured PDF and the target PDF is evaluated by the integration of the square of the difference between the square root of measured PDF and square root of target PDE This fonnulation is only used when the square-root B-spline model is applied to approximate the output PDE • Kullback-Leibler type 41 Different from the quadratic type of perfonnance, here the well-known Kullback-Leibler distance measure is used for the gap between the measured PDF and its target. This perfonnance is designed to transfer the multiplication operation into an algebraic summation in the output PDF control of pseudo ARMAX systems with random parameters. • Minimum entropy type 36 ,39.50 When the target PDF cannot be defined or the output PDF is not measurable, the entropy measure can be used for the controller design so that the uncertainty of the system output is minimised. This fonns a new research branch of stochastic distribution control and will be discussed in the section on closed-loop framework. • Cumulative type So far in most of the work on stochastic distribution control, only the instantaneous performance index of the system is concerned and the obtained control input provides a one-step-ahead solution. These types of perfonnance functions cannot generally guarantee a good tracking perfonnance and have some undesired properties for non-minimum phase systems. Controller design with cumulative perfonnance is currently under investigation 47 . • Other types Mean and variance are important features of a stochastic distribution. Although control of the total output distribution can be made within the framework of stochastic distribution control, control of mean and variance of the output is still required when the~ine measurement of output PDF is difficult to obtain . .
Control algorithms
Depending on the availability of the output weights vector at each time instant and/or the measured historical PDFs, the control algorithm can be obtained either from the weights vector or from the measured PDFs30. In the fonner case, the weights vector is estimated at each time instant and is used directly to construct the control algorithm, whilst in the latter case, the measured PDF is directly used for evaluation of the control sequence. Compared with the general stochastic control problems which aim at mean and wwwJnslmc.org.uk Feature + variance optimisation, the PDF shape control problem is much more complicated, for which a global optimisation solution is not always available, let alone an analytical solution for the controller design. Various controller design techniques have been developed so that the output PDF can be made as close as possible to the target PDF. Some of the representative methods that have been used are given in the following, which might explain how the control target has been met.
Standard optimisation
Once the perfonnance function J of the PDF control problem has been fonnulated as a non-linear optimisation problem with respect to the control input u, many optimisation techniques can be adopted to obtain the solution, among them the following four methods have been used for the PDF shape control problem.
• Method based on optimal conditionl. 28,34.36,39.43 One of the most commonly used methods is to minimise J from the necessary optimal condition. For a linear B-spline model with a quadratic type of perfonnance, this optimisation method provides an analytical feedback solution, which is a nonlinear function of the weighted integrations of the measured output PDFs. • Gradient-based optimisation 32 ,41,43 An analytical feedback solution would be ideal for the controller design. However, in most cases, this kind of solution to the optimal condition is difficult to obtain due to the complex relationship between the perfonnance function J and the control input u. Therefore, a gradient-based rule is naturally adopted instead, by which a recursive calculation of an optimal or at least a local optimal control input can be obtained. • Upper bound minimisation 30 ,46 Due to the existence of modelling errors, direct minimisation ofthe performance function can sometimes be hard to achieve. A controller can be designed by minimising'the upper bound of the performance function based on the condition that this upper bound is obtainable. Therefore, the controller can at least constrain the performance J within a certain limit. • Direct search approach 37 Sometimes even the simplest direct search approach can provide a satisfactory solution when the searching space can be obtained, i.e. the control input has a pre-specified range.
Model reference adaptive control
When the system dynamics are unknown, a stable model reference adaptive control algorithm has been developed for control of the shape of the output PDf2 9 , which can guarantee the global stability of the closed-loop system and realise perfect tracking under certain conditions. Different from the model reference adaptive control for ordinary systems, the weighted integration of the output PDF is involved in both evaluation of the control input and calculation of the adaptive tuning rules,
State feedback controller design
A linear state feedback controller has been developed in which the weights vector can be estimated from the output probability density functions 33 . The controller is then designed to guarantee the robustness of the closed-loop system. 16 ,35.44 The controller is designed by taking the quadratic perfonnance function, which measures the distance between mented for a pilot plant paper machine, where the system output is characterised by its PDF measured on-line using image analysis techniques. This is a direct entropy feedback control and its real-time running results are encouraging 48 • 
Lyapunov-based approach
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The combination of the modelling and control algorithms constitutes a closed-loop framework as shown in Figure 7 .
This is a nonJinear feedback loop where the controller uses the information provided by the on-line estimation ofthe systern's output PDF, compares ,t with the target PDF through a selected performance~n and generates a required control input to the system. The data processing unit is optional when different model and control strategies are taken. For example, when using B-spline models, its function is to retrieve the weights vector from the measured output PDF so that the state feedback controller can be designed.
Stochastic distribution control concerns the modelling and control. of the output PDF shape for general stochastic systems. ;It is a new topic in control engineering practice although the demand ofoutput PDF control has been put forward for a long time. In this paper, a systematic review has been carried out that summarises recent developments in this new and challenging research area. At present, our work is being concentrated on the structured controller design, general filtering algorithm design and stochastic distribution control of general singular systems. It is expected that the applications of the modelling and control algorithms developed so far will be forthcoming in the near future.
Closed-loop framework
Minimum Entropy Control the output PDF and the given distribution, as a Lyapunov candidate function and making. As a result, the controller obtained guarantees the stability of the closed-loop system and realises an asymptotical tracking performance. 13 All the above controller designs provide instant control input, which is unrelated to any controller structures. This may lead to inconvenience ofthe controller realisation and analysis of closed-loop properties such as stability and robustness. Therefore it is worth exploring new control strategies that embed clear control structures. A pseudo-PID controller is investigated for general non-Gaussian systems, which aims at the tracking performance of the output PDF. For both deterministic and uncertain cases, the solvability conditions are obtained in terms of a group of matrix inequalities. The controller design is feasible to guarantee the stability of the closed-loop system and the tracking convergence of the output PDF.
Structured controller design
In many stochastic control systems, it is the system output that is measured rather than its probability density function. Therefore, the stochastic distribution control strategies should be further developed so that whether the output PDF is available or not, the randomness of the system output can always be minimised for general stochastic systems subjected to arbitrary bounded random inputs. To achieve this target, a more general measure, the entropy, rather than the variance of the system output, is considered for the randomness of non-Gaussian stochastic systems.
Entropy is a unified probabilistic measure of uncertainty quantification. It has been proved that for a Gaussian process, there is a one-to-one relationship between the variance and the entropy, which means that minimising entropy is equivalent to minimising variance for Gaussian variables. Thus, the well-known minimum variance control, which is subjected to Gaussian processes, is in fact a special case of minimum entropy control.
Although the calculation of system entropy is based on the output PDF, it is not necessary that the output PDF is directly measurable. There are generally two kinds of problems in minimum entropy control for stochastic systems. In the case that the output PDF is available 36 . 39 , the B-spline decoupling model is used and the model is then transferred into an input and output form. The current output PDF is described by the historically measured PDFs and the current control inputs, and the entropy is therefore formulated. In another case for genera) nonlinear ARMAX systems subjected to arbitrary stochastic inputs, there is no need to measure the output PDF; only the PDF of the noise input is required50. The output PDF can be developed from the input PDF using the probability theory. It should be noted that due to the integral form of entropy, the optimisation problem is quite complicated and no analytical solution is available. In both cases, therefore, only local optimal solutions are obtained and local stability conditions are established so far.
A closed-loop entropy control system has been imple-
